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ABSTRACT 
Let P be a generic Prym variety of dimensionp and letf : D + P be a non-constant map, where D is 
a smooth curve of genus g. Assuming p 2 2 and g 5 2p - 2 the only deformations off, with P fixed, 
are obtained by composing f with translations. We show how this rigidity result implies a non- 
existence theorem: ifp = 2 or p 2 4, then g 2 2p - 2. 
INTRODUCTION 
Let r : ?Y + C be an unramified double coverings of a smooth curve of genus g. 
One defines the associated Prym variety as the abelian variety of dimension g - 1 
P(c, C) = Ker(Nm,)‘, 
where Nm, : J(c) + J(C) is the induced norm map of Jacobians. The principal 
polarization on J(C) restricts to twice a principal polarization on P( C, C) ([M 11). 
We shall refer to the Prym locus as the closure of the set of Prym varieties in the 
moduli space of principally polarized abelian varieties St, _ 1. That is to say the 
closure of the image of the Prym map 
Pg : ‘Rg :== {pairs (c, C) as above} + Ag_ 1 
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which sends (C, C) to P( C, C). This map is known to be generically injective for 
g > 7. Throughout this paper a generic Prym variety will mean an element in the 
complement of countably many closed proper subvarieties of the Prym locus. 
By a curve in P( C, C) we mean a non-constant map 
f :D --f P(C,C), 
where D is a smooth curve. 
Our purpose is to prove the following 
Theorem. Let P( c, C) be a generic Prym variety of dimension p = 2 or p 2 4 and 
let D be a curve in P(c, C). Then 
g(D) > 2~ - 2. 
Observe that the statement is non-sense for p = 1. For p = 2 the Theorem re- 
duces to the trivial fact that a generic curve of genus 2 cannot be represented as a 
covering of an elliptic curve. Finally for p = 3 the result is not true: a generic 
principally polarized abelian threefold is a Jacobian variety, hence it contains 
curves of genus 3. 
On the other hand, the curve C (of genus 2p + 1) embeds naturally in P( c, C). 
Curves of genus 2p - 2,2p - 1 and 2p should not exist in a generic Prym variety 
of dimension p. 
This paper is organized as follows: In $1 we show a rigidity theorem for curves 
of genus <_ 2p - 2 in a generic Prym variety. This result is an easy consequence of 
a more general result proved in [PI. In $2 we prove the Theorem by contradiction: 
assuming the existence of such curves we degenerate to the border of the Prym 
locus and apply induction. Then rigidity gives non-sense conditions. We work 
over the field of complex numbers. 
1. RIGIDITY FOR CURVES IN PRYM VARIETIES 
Let P be a Prym variety of dimensionp and let f : D + P a curve in P such that 
f(D) generates P. The induced map 
cu:JD-tP 
is surjective. Hence the kernel of the transposed map 
cx’:P+p^+J%--,JD 
(where P^ + J% is the dual map 6) is finite. Let D be a divisor of P representing the 
polarization on P induced, via o ‘, by the polarization on JD (see [M2]). 
Let Jl(P) be the first intermediate Jacobian of P. We denote by JI (P)ab the 
maximal abelian subtorus of J1 (P). Let 
LD:J1(P)+P 
be the Lefschetz map induced by D. We write J1 (P)zb for the neutral component 
of the kernel of the restriction LD I J, pjab. 
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In fP] the following result is proved: 
Proposition ([P], Corollary (2.6)). Assume that Jr(P)zb = 0, p 2 2 and 
g(D) 5 2p - 2. Then the on@ defor~~ati#ns off, with PJixed, are obtained by com- 
posing f with translations (“(f, D) is rigid”). 
Corollary. Let P be a generic Prym variety of dimension p 2 2 and f : D -+ P a 
curve in P ofgenus g(D) <: 2p - 2. Then (f, D) is rigid. 
Proof. Since a generic Prym variety is simplef(D) generates P. On the other 
hand it is well-known that J1 (A)ib = 0 when A is a generic Jacobian. Since the 
Jacobian locus is contained in the Prym locas J1 (A)ih is also trivial for a generic 
Prym variety. 17 
2. PROOF OF THEOREM 
We proceed by induction on p. For p = 4 and p = 5 the Prym locus coincides 
with the moduli space. Our bound is a consequence of the bound given by Alzati 
and Pirola for a curve lying in a generic principally polarized abelian variety (see 
[A-P], Corollary (5.5)). 
Take now p > 6 and assume the result is true for p - 1. We argue by contra- 
diction: assume that for a generic Prym variety of dimensionp, there exist a curve 
D of genus g I 2p - 3 and a non-constant map f : D + P. Using standard 
arguments one finds a map of families 
F : v/u + Pp..!, 
where U is an itale covering of a dense open set in I$,+ 1, such that, for all t E U, 
Dt is a smooth curve of genus g 5 2p - 3, Pt is a Prym variety of dimension p and 
F; is non-constant. We shall also write F for the induced map of abelian schemes 
which is surjective in all the fibres. 
Let n : fi + N by an unramified double covering of a generic smooth curve N 
of genus p. We shall denote by L natural involution on fi. Let r (resp. ?) be the 
singular curve obtained from iV (resp. fi) by pinching two distinct points X, y E N 
fresp. X and ,G, and L(X) and L( .1;) in &). 0 ne gets an unramified covering y of a 
nodal curve I? 
The “Prym variety” P(p, rj := ~er(~~~ : Jr -+ r)’ is a C” extension of 
P(N, N): 
0 + 8=* -+ P(l;,F) -+ P(fi,N) ---f 0. 
By [F-S], Theorem 5.2, these extensions are classified, up to sign, by the classes 
(2.1) [Z - L(X) + j - L( ?‘)I E P(fi, N). 
Take a family of unramified double coverings G : f/A -+ C/A parametrized by 
the unit disk A c C and verifying: 
l for t E A - {0}, the curves e, and C, are smooth, 
o A-{O)cUand 
0 G(j=r. 
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Let us restrict our initial map of abelian schemes F to A - (0). Changing base, 
if necessary, we can extend this restriction to a map of semiabelian schemes over 
A. Taking the special fibre one gets 
Fi,y : J(D,,,) + P(?, T), 
where D:>j is a stable curve of genus g depending on the choices of X and jj. 
Let I&y be the normalization of D,,,. One has an exact sequence 
(2.2) 0 -+ (C*)r -+ J(Dp,y) -+ J(Ki,y) + 0. 
Note that P(r, P) non-compact and F:,p surjective imply r > 1. Since the 
morphism 
J(4.d 2 P(F, r) i P(N, Iv) 
sends (C*)’ to zero, one has a commutative diagram 
0 - (QY)’ - JP,,,) - J&d - 0 
(2.3) 
1 F:>jl Hi,i, 1 
0 - C” - P(FJ) - P(N,N) - 0. 
Note that Hi,y is surjective. Let K& be an irreducible component of K%,y such 
that 
J(K&) of J(&,,) Hi.i P(N, N) 
is surjective. By induction we have g(K&) 2 2(p - 1) - 2 = 2p - 4. On the other 
hand, by hypothesis 
g(K&) 5 g(Ki,,) = dim J(D,,,) - r = g - r 5 2p - 3 - r. 
Hence K& = 177,~ is an irreducible curve of genus 2p - 4, r equals to 1, and Di,y 
is a nodal curve obtained from Ki,y by pinching two distinct points P, Q E Ki,p. 
Hence (2.3) translates to 
0 - @* - J(Di,y) - J(&,y) - 0 
(2.4) 
.nl F,,l Hi,? 1 
0 - c* - P(T,T) - P(N,N) -0 
where .n is a multiplication by an integer YE. Moreover, the extension class of 
J(Ki,p) in (2.2) is now *[P - Q]. Comparing extensions in (2.4) we obtain 
(2.5) fn[P - Q] = H&([-j;_ - LX +J - @]) E J(K%,,). 
As j;_, jj move in % we get surjective maps Hi,j : J(Ki,,) + P(l?,N). Since 
g(Kz,b) = 2 dim(P(%, IV)) - 2 we can apply the Corollary in $1 and we obtain 
that Kz,j and Hk,j do not depend on j;_, j. Denote by S the irreducible surface 
on P(N,N) given by the elements of the form (2.1). Now, equality (2.5) reads: 
104 
there exist a fixed smooth curve K surjective map 
H : J(K) + P(k, N) such that 
(2.6) H’(S) c n(K - K) 
for some it. Since the kernel of Hf is finite, the inclusion in (2.6) is an equality. 
Note that n(K - K) generates J(K), hence H’ is an isogeny. This is a contra- 
diction, in fact 
dimP(%,N) =p < 2p - 4 = dimJ(K) 
forp > 5. 0 
Remark. Since rigidity also works for Jacobians, a similar result should be true 
for them. More precisely, it seems natural to state the following 
Conjecture. Let JC? be a generic Jacobian of dimension g > 4 and let D be a curve 
in JC. Then 
either g(D) > 2g - 2 or g(D) 5 g. 
One can try to use degeneration to a nodal curve and then induction on the 
genus g as in the case of Pryms given above. The same procedure leads to a com- 
mutative diagram similar to (2.3): 
0 - (a=*)r - J(&) - J(Kx,,) - 0 
1 Ll HT.,1 
0 + c* - J(r) - J(N) - 0, 
where r is a curve obtained from N by pinching two different points x, y. Let KJ,y 
by an irreducible component of K,,, such that 
JW:,,) - J(Kx,,) 
H 
2 J(N) 
is surjective. Now, induction says that either g( Ki, y) > 2g - 4 or g( Ki,,) I g - 1. 
Our method of proof fails in the second case. 
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